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Introduction
The flow of polymer melts at micro or nano scale involves very low Reynolds numbers and strong interfacial effects. This is especially true for thermal nanoimprint lithography [1] , where nanometric patterns are engraved into a very thin film of polymer at high temperature, a process for which the simulation code described in this paper has been developed initially. The relevant interfacial phenomena include surface tension on the free surfaces, wetting angle where a free surface reaches a solid, and slip between fluid and solids. The latter aspect is very common at small scales [2] , but is difficult to characterize precisely [3] .
Within the limits where continuum mechanics applies, this work uses the natural element method (NEM) to simulate such viscous flows. The principle of the NEM has been introduced by Traversoni [4] , but the first application of this meshless method is due to Braun and Sambridge [5] , who considered two-dimensional Stokes flows. The method has been applied later to solid mechanics by Sukumar et al. [6] , whose work promoted the method and stimulated subsequent developments. A complete literature review of the NEM is beyond this paper, but the work of Cueto et al. [7] about non convex boundaries in solid mechanics and its extensions to the flows of complex fluids by Martínez et al. [8] and to fluid dynamics by González et al. [9] are worth noting in connection with the present work. Shallow water flows have also been simulated with the NEM by Ata et al. [10] , who applied the technique developed by Yvonnet et al. [11] for non convex boundaries, and by Darbani et al. [12] . Moreover, surface tension has been included by Defauchy et al. [13] recently, for application to polymer powder sintering, but without fluid-solid contact. In contrast with the finite element method, the NEM employs natural neighbour interpolation without fixed connectivity and has low sensitivity to mesh distorsion. The NEM also has the advantage over such other meshless methods as the smooth particles hydrodynamics, to be a strictly interpolant method and thus to impose essential boundary conditions exactly (especially with the techniques of [7] or [11] on non convex boundaries). Moreover, the examples treated by González et al. [9] or Cueto et al. [14] , among others, demonstrate the natural ability of the NEM to handle with free-surface flows, especially within a Lagrangian approach. These advantages make the NEM a promising method for the simulation of fluid flows.
The layout of this paper is as follows. First, the variational formulation used is derived after the governing equations have been recalled. This details how surface tension, wettability, and slip are taken into account in the two-dimensional flows considered. Then, three illustrative examples are discussed. A first application compares an analytical solution for a simple surface tension-driven flow, and the other two examples include fluid-solid contact in either a transient or a steady problem. 
Variational formulation and numerical implementation
The aim of this section is to detail the variational formulation that is applied in this study, using the notations and conventions shown in Fig. 1 . The analysis is limited to two-dimensional flows with zero velocity component along the z axis. Therefore, a section of the fluid volume and interacting solids in the (x, y) plane is considered. The boundary ∂Ω of the fluid domain Ω consists of various parts that are either free surfaces (∂Ω F set, possibly split into ∂Ω F 1 , ∂Ω F 2 ...), or located along symmetry axes (∂Ω A set), or in contact with solids (∂Ω S set). As shown in Fig. 1 , the ∂Ω curve is oriented anticlockwise, which determines the orientation of the unit tangent vector t, and the unit normal vector n is inwardly directed.
Governing equations
Inertial effects and gravity can be neglected in microflows and nanoflows of viscous liquids [15] , since very low Reynolds numbers and small lengths compared to the capillary length are involved. In typical applications considered here, the length scale is of order 1 µm or less, the velocities of order 1 µm/s or less, the viscosity of order 10 4 Pa.s, and surface tension is about 40 mN/m, which gives R e = 10 −13 and a capillary length of 2 mm. Therefore, in the creeping incompressible flows of polymers considered, where all body forces are neglected, the equations to be satisfied in the fluid volume Ω by the velocity v and Cauchy stress tensor σ are merely div v = 0 and divσ = 0 .
These two tensor fields are related by the constitutive equation
where D is the strain rate tensor, I the second-order identity tensor and p the hydrostatic pressure. Moreover, η denotes the viscosity, which may be a function of the equivalent shear rateγ eq = √ 2 D : D in the non-Newtonian shear-thinning case.
Along the fluid boundary ∂Ω, different types of conditions apply on the ∂Ω A , ∂Ω F and ∂Ω S sets. Along symmetry axes, the no penetration condition writes
whereas Laplace's law gives t.σ.n = 0 and n.σ.n = −γ κ on ∂Ω F
along the free surfaces, where γ denotes the surface tension and κ the curvature. With the conventions used, the latter is positive where the fluid boundary is convex, i.e. where the center of curvature lies on the fluid side (in the direction of n). At such points as C 1 , C 2 and C 3 in Fig. 1 or at point C in Fig. 2 , where the free boundary of the polymer reaches the surface of a solid, the tangent vector is discontinuous, which defines a contact angle θ, and we apply a concentrated net wetting force, parallel to the tangent t S to the solid-fluid interface,
where θ s denotes the static wetting (equilibrium) angle. In the above definition, = 1 if vector t F (tangent to the free surface) points inside ∂Ω F (at C 1 and C 3 in Fig. 1 or at C in Fig. 2 , for instance), and = −1 otherwise (at C 2 in Fig. 1 , for instance). This force per unit length of contact line is zero when t F .t S = − cos θ s (the contact angle is equal to the static wetting angle), otherwise f w tends to move the contact point so that the contact angle gets closer to the static wetting angle. This simple way of introducing wettability does not enforce the contact angle value and allows for a difference between advancing and receding fronts, since the contact angle will be influenced by the whole flow field. Expression (5) is obtained immediately (as in De Gennes et al. [16] , for instance) by assuming that the three surface tensions involved in Young's equation are maintained in dynamic cases, but out of balance. Therefore, neither the more elaborate model of [17] with dynamic surface tension nor the complex expression of the net wetting force derived in [18] is considered here. This also departs from the approach of Sikalo et al. [19] for volume-of-fluid simulations, where the force used misses the first term in (5) . Here, as expected, there is no singularity in static equilibrated configurations of the fluid and the non-zero net wetting force induces a singularity in dynamic situations where the contact angle differs from the static angle. It may be mentioned finally that Young's law also leads to a force component at the contact line that is normal to the solid surface, with an amplitude γ sin θ per unit length. This component, which is not zero but γ sin θ s at equilibrium, will not be considered further since the solid has a prescribed velocity in the problems considered here, but it should be taken into account if the solid were free to move. As is well known in the literature about the moving contact line problem (see Shikhmurzaev [17] for an extensive review), the standard no-slip boundary condition at fluid-solid interfaces leads to a non-integrable force singularity at contact points [20] , and a standard procedure to make it integrable consists in using a slip condition instead [21] . At all points where the fluid domain contacts a rigid solid, a Navier-slip boundary condition is considered in the present work, which writes
where v S denotes the velocity of the solid. The first equation results from the no penetration condition and the second one introduces the slip coefficient β. If the fluid is Newtonian, with a fixed viscosity η, selecting a β value is equivalent to choosing a slip length b = β η, but this is not true for non-Newtonian shear-thinning fluids, since η varies. Of course, the no-slip condition is recovered when β = 0, and frictionless slip is obtained when β → ∞.
Weak form
Combining the first relation in (2) and the second equation in (1) to eliminate σ, multiplying by a test velocity field v and integrating over the fluid domain leads to
where dS denotes the surface element of the fluid section Ω. Similarly, multiplying the first equation in (1) by a test pressure field p and integrating over the fluid region gives
The v field is continuous with piecewise continuous derivatives and satisfies
whereas the p field is piecewise continuous. Integration of (7) by parts and combination with (2) gives
where dl denotes the element of boundary ∂Ω of the fluid section and where the contribution of concentrated net wetting forces at contact points has been included duly. There remains now to use the boundary conditions to compute the last term, where
Since σ.n is parallel to n along a symmetry axis, (9) leads to a zero contribution of the last term of (10) over ∂Ω A . Using (4), the contribution over ∂Ω F writes
The restriction of the present work to plane flows allows using the procedure introduced by Ruschak [22] , which takes advantage of the special expression of curvature in that case κ n = dt dl (12) and leads to
after integration by parts. The above finite sum over points S i and C i where the free surface of the fluid reaches a symmetry axis or a rigid solid, respectively, uses as already defined above (with = −1 at S 1 in Fig. 1 , for instance). The above finite sum may be limited to contact points C i , since (9) nullifies the contribution of points S i . Moreover, (9) gives also
at points C i . Finally, the Navier slip condition (6) can be used to compute the contribution of ∂Ω S to the last term of (10) as
since v is parallel to t on ∂Ω S because of (9) and, therefore, (15) is equivalent to the second relation in (6). The various derivations above allow to rewrite the whole set of governing equations and boundary equations of the problem as follows, by combining (5) and (14):
This variational formulation may also be arrived at by specializing to twodimensional flows the expression obtained by Ganesan and Tobiska [23] in a more general context of three-dimensional flows where the Laplace-Beltrami operator is used to avoid computing the curvature, but the way the contact angle is introduced is quite different. Here, the physical condition that applies along a contact line has been stated as (5), whereas the weak form must be written first in the procedure of [23] , with an interpretation of the wetting force that is similar toSikalo et al. [19] .
Numerical implementation
A natural element method, which is a natural neighbour Galerkin method, is used to implement the above variational formulation. A NEM has already been applied to fluid dynamics by Martínez et al. [8] or González et al. [9] , but based on the α-NEM variant of Cueto et al. [7] , which differs from the C-NEM variant of Yvonnet et al. [11] that we use here. The latter applies a visibility criterion to select natural neighbours in non convex fluid regions. Inclusion of surface tension in the C-NEM has been performed by Defauchy et al. [13] recently, but without avoiding the computation of curvature and without including fluid-solid contact.
The present implementation of the C-NEM uses the mixed formulation defined by (16) and (17), where three variables are introduced at each node, namely two velocity components and a pressure value. The nodes are scattered in the fluid domain and along its boundary, and a Voronoï cell results around each node. Integration over the fluid domain is performed by summing the integrals computed over all Voronoï cells. The velocity components are interpolated with the Sibson [24] continuous interpolant and integration is performed with the stabilized conforming nodal integration scheme defined by Chen et al. [25] , whereas the pressure is taken constant over each Voronoï cell. This combination of different integration schemes has been shown by González et al. [26] not to satisfy strictly the Ladyshenskaya-Babuska-Brezzi [27, 28, 29] stability condition, but no spurious modes were found nevertheless by González et al. [9] in various practical applications to two-dimensional flows of incompressible fluids. The integration procedure is simpler along the boundary of the fluid domain, where velocities vary linearly between adjacent nodes.
The standard matrix structure of a mixed velocity-pressure formulation results from the discrete form of (16) and (17) in terms of the unknown nodal velocity and pressure noted as {V , P } T :
where matrix A is symmetric and vector F includes the contributions of three terms pertaining to Laplace's law, wetting angle, and Navier slip. In the case of a shear-thinning fluid, matrix A depends on V through the viscosity η(γ eq ), and an iterative procedure is performed at each time step in order to determine the viscosity at all nodes. A fixed-point method gives rapid convergence. If b instead of β is fixed in the definition of the Navier slip, the F vector must also be updated at each of these iterations for a shearthinning fluid, since β = b/η. After completion of these procedures, the nodal positions and connections are updated from the velocities with a simple explicit scheme in this work, which implies that small time steps are used. Then, the computer programme, which uses MATLAB [30] for all numerical procedures, proceeds with finding the velocity and pressure fields at the next time step.
Examples

Hollow cylinder contracted by surface tension
As a first example, where an analytical solution can be used to validate the simulations, the model problem of the surface tension-driven contraction of a hollow cylinder is considered. The cylinder, made of an incompressible Newtonian fluid with viscosity η 0 , has an unbounded length, so that velocities are zero along its axis. No pressure is applied on the inner and outer surfaces, where the value of surface tension is γ. In these conditions, the hollow cylinder tends to shrink spontaneously until the central cavity closes. For given values of the inner and outer radii r i and r e , the purely radial velocity field is easily obtained as
Indeed, this ensures incompressiblity since ∂v r /∂r + v r /r = 0 and leads to stress components σ rr = 2η 0 a r 2 − p and
in cylindrical coordinates, with a uniform hydrostatic pressure
such that momentum balance ∂σ rr /∂r + (σ rr − σ ϕϕ )/r = 0 is satisfied. Moreover, the boundary conditions given by Laplace's law are fulfilled, for σ rr takes the values γ/r i and −γ/r e on the inner and outer surfaces, respectively. The differential equationṙ i = a/r i governing the inner radius is integrated easily to obtain (22) and the corresponding history r e (t) = r 2 i (t) + r 2 e (0) − r 2 i (0) of the outer radius results from the preservation of total fluid volume. It may be noted that complete closure of the inner cavity is obtained for
For symmetry reasons, one quarter of the section of the cylinder is modeled, as shown in Fig. 3 . An irregular set of 1210 nodes was distributed in the section and on its boundaries using the Gmsh free mesh generator developed by Geuzaine and Remacle [31] , like for all other simulations in this paper. The initial inner and outer radii were 1 µm and 1.2 µm, respectively, which were left to evolve during 0.09 s to give the final shape shown in Fig. 3 with radii of 0.388 µm and 0.769 µm for a viscosity of 10 4 Pa.s and a surface tension of 40 mN/m. The stress components obtained through the section at the first time increment are shown in Fig. 4 and a good agreement is obtained with the above analytical solution, with some dispersion though. For instance, the standard deviation of the pressure field is 1.9 percent of the average value, but the latter is 0.01 percent close to the exact (uniform) pressure value. This dispersion is likely due to too simple interpolation and integration schemes, but it is acceptable for the applications considered and the use of more elaborate procedures, as proposed by González et al. [26] , is left for future work. As shown in Fig. 5 , the agreement is excellent when the evolutions of the inner and outer radii, or of the average pressure through the thickness, are considered. This confirms that the implementation of surface tension in the C-NEM is satisfactory and that the code is able to update the geometry correctly.
Spread of a cylindrical droplet
The above example involved surface tension only as a surface effect, and we consider now a flow where contact with a fixed rigid solid also is present. A cylindrical droplet of fluid with a semi-circular section of radius R is laid on a solid substrate. If the wetting angle between the fluid and the solid is equal to 90
• , this is a stable configuration since gravity is neglected, and nothing happens. Otherwise, as illustrated in Fig. 6 , the fluid flows until a new stable configuration is obtained, with the free surface in a circular arc of height h and width l such that
as obtained easily from the preservation of fluid volume. For instance, l ∞ /R = 3.318 and h ∞ /R = 0.687 if θ s = 45
• (the drop spreads on a hydrophilic surface), or l ∞ /R = 1.049 and h ∞ /R = 1.266 if θ s = 135
• (the drop is repelled by a hydrophobic surface). These are exactly the limit values obtained by the simulations for these two wetting angles, where one half of the drop section was modeled for symmetry reasons, using 2592 nodes with refinement involving node distances of 10 nm near the fluid-solid interface. The shapes shown in Fig. 6 are simpler than those obtained by Ganesan and Tobiska [23] for different wetting angles, but the simulations differ in at least two respects: the flow is two-dimensional, not axisymmetric, and there is no inertia here. As mentioned in the previous section, the contact angle results from the whole flow in the present simulations, where a dynamic wetting angle is not prescribed. The contact angle can be observed in Fig. 6 to evolve very quickly from its initial 90
• value to approach the static wetting angle. This is confirmed quantitatively in Fig. 7 , where oscillations are due to the rapid node change at the contact point, like in [23] , and where a faster and stabler evolution towards the limit value is observed for θ s = 45
• than for θ s = 135
• . Moreover, the evolution of the contact angle towards its limit value is faster when the Navier slip length is increased from 50 nm to 200 nm, i.e. when friction is reduced.
The evolution of the droplet height is shown in Fig. 8 . The difference with the asymptotic value is found to decrease exponentially after a transient stage where the height changes very rapidly. This exponential decrease corresponds to a contact angle that is already close to its limit value and, consequently, to a very small net wetting force applied at the contact point. The characteristic time of the exponential decrease is found much shorter for θ s = 135
• than for θ s = 45
• , which is consistent with the shape evolutions illustrated in Fig. 6 . Moreover, increasing the Navier slip length facilitates fluid flow and leads to shorter characteristic times (Fig. 8) . Our rheometric measurements on a polystyrene melt of 35 kg/mol have demonstrated a Newtonian plateau with η 0 = 10 4 Pa.s at 110
• C followed by a shear thinning behaviour that could be fitted well with a Carreau-Yasuda law
usingγ 0 = 0.075/s, a = 0.93 and n = 0.49. Taking shear-thinning into account in the simulations, but keeping the surface tension and slip coefficient constant, leads to a much faster evolution of the droplet shape, as can be noted in Fig. 8 . At the very beginning, the net wetting force at the contact point is large enough to induce high strain rates associated with low viscosities and the flow is very fast, but this force weakens when the contact angle gets close to the static wetting angle, the flow slows down, the viscosity increases towards its Newtonian limit value, and the previous exponential decay is recovered. The piston-driven problem considered, where the steady shape of a meniscus between two plates is studied. For symmetry reasons, the lower part of the fluid region only, shown in dark grey, is modeled.
Steady translation of a meniscus between two plates
The steady shape of a fluid meniscus that translates in a capillary tube has been investigated experimentally by Hoffman [32] , whose results have stimulated many theoretical studies initiated by the pionneering finite element iterative procedure of Lowndes [33] . In the present context of twodimensional flows, the geometry studied is not axisymmetric but a flow between two parallel plates is considered instead, like in the dissipative particle dynamics simulations of Cupelli et al. [34] . This is also the case in the work of Deganello et al. [18] , who applied the level-set method with no-slip at the fluid-solid interface. As shown in Fig. 9 , the distance between the fixed plates is 2h and the piston moves with velocity V . For symmetry reasons, the lower half of the figure is modeled only. The initial shape of the free surface is a circular arc defined by the static wetting angle, i.e. it corresponds to the static equilibrium. Consequently, the initial value of distance SC is h(1−sin θ s )/ cos θ s . The piston is then pushed until the shape of the free surface stabilizes, which can be characterized by the necessary (and sufficient, in practice) condition that distance SC becomes constant. Various lengths P S of the initial fluid domain have been tested, from 3h to 6h without significant effect, and therefore a length of P S = 3h is used, which can be compared with the values of 2h used in [33] and about 2.5h used [35] and [36] .
It is recalled that the approach used here prescribes the net wetting force (5) at the contact line, which differs from previous studies where the angle at which the free surface meets the solid boundary was imposed instead. The latter prescription may lead to specific numerical difficulties, as discussed in detail by Sprittles and Shikhmurzaev [36] , and induces an additional term in the numerical formulation of Bazhlekov and Chesters [35] , for instance, that is similar to the first term in (5) . Here, in agreement with the experimental • and a Navier slip length of 50 nm.
observations of Blake et al. [37] in the context of curtain coating, the contact angle θ stabilizes at a value that is a function not solely of material properties and piston speed but also of the whole flow field. A half-distance between the plates of l = 1µm was used in the simulations, and 2185 nodes were defined to model the fluid region, with refinement involving node distances of 10 nm in the vicinity of the free surface and of the fluid-solid interface. The same material constants are used as in the previous examples. Piston velocities V between 0.0625 µm/s and 4 µm/s were considered, which lead to a capillary number C a = η 0 V /γ between 0.016 and 1. Frictionless slip was prescribed on the piston-fluid interface, and the Navierslip condition was applied at the plate-fluid interface. A value θ s = 45
• was chosen for the static wetting angle. Fig. 10 illustrates (with symmetry applied) the steady meniscus profiles obtained, with a manifest effect of the piston velocity, which reverses the meniscus curvature from concave to convex. Because of the rolling process that takes place at the contact point in the steady state, with this point being defined by always changing nodes, it has not been possible to evaluate the steady dynamic contact angle θ precisely, and the apparent contact angle θ a has been computed instead. This angle is consistent with the measurement procedure of Hoffman [32] and can be deduced from the steady SC distance as Fig. 11 shows the effect of the capillary number on the apparent contact angle. An agreement with the Hoffman-Voinov-Tanner law [32, 38, 39] , that predicts a linear relationship with the variables used in the figure, is observed for small capillary numbers. The subsequent downwards bend of the curves is consistent with a limit contact angle of 180 • . Fig. 11 also shows the influence of the Navier slip length b = β η 0 for a Newtonian fluid, which is significant even for low capillary numbers. An increase of the slip length induces a reduction of the apparent contact angle, which is consistent with the contact angle being equal to the static wetting angle and independent of the capillary number when the fluid-interface is frictionless. The fluid plug merely translates as a rigid body in these conditions and the initial static equilibrated shape is preserved. The problem considered can be characterized completely by two non-dimendional numbers, namely the capillary number C a and the ratio b/h of the slip length to channel (half-)height, and consequently the above trend can also be interpreted in terms of a fixed slip length and a decreasing channel height. Thus, the influence of the capillary number on the meniscus shape is affected significantly when the length scale of the problem becomes of the same order as a characteristic material length, which is a typical size effect at micro or nano scale.
When a shear-thinning behaviour is taken into account, the high strain rates that are involved in the vicinity of the contact line reduce the viscosity drastically and, consequently, the contact angle is more easily adjusted towards the static value. For a slip coefficient β = 50 × 10 −13 m/s/Pa, a comparison is given in Fig. 11 between the shear-thinning behaviour (solid circles) given by (25) and the limit case of a Newtonian fluid (open circles) with the same β value, using η 0 = 10 4 Pa.s. Note that the latter viscosity is used to define the same capillary number in both cases in Fig. 11 .
Conclusions
The natural element method could be used successfully to simulate twodimensional viscous flows where interfacial effects must be taken into account, at zero Reynolds numbers, for applications at the micro and nano scales. The • and a 2 µm distance between plates were used.
variational formulation used incorporates surface tension on the free surfaces, and a net wetting force is applied at the contact line where the fluid reaches a solid surface. Moreover, the Navier-slip condition is applied along the fluidsolid interface. No dynamic wetting angle is prescribed, and the contact angle obtained results from the other material parameters and from overall flow conditions. This work extends previous applications of the natural element method to fluids, where surface tension was either ignored or included in a less suitable manner, and where fluid-solid contact was absent. A comparison with an analytical solution in a simple surface tension-driven flow has been given, and fluid-solid contact has been discussed in a transient case and in a steady problem. The effect of the slip contact length has been analyzed, as well as the influence of shear-thinning.
